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particles were large, that is, of micrometre size, we observed the expected behaviour in which the erosion rate
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the walls. For very small particles, the erosion rate decreased again, i.e. the particle distribution towards the wall
was insufficient to erode the pipe wall due to the particles low mass.








Erosion of pipelines due to the transportation of very fine particles in
fluids occurs in different branches of industry. A typical example is the
petroleum industrywhere sand particlesmove through the systemdur-
ing oil and gas production. Very large particles are filtered by various
techniques, e.g. sand screens, whilemuch smaller particlesmove farther
along in the system (see [1]). These particles can lead to pipeline wear
and to subsequent damage.
The issue of particle erosion on pipes has been intensively
researched in the scientific literature. The focus has usually been on el-
bows because they are frequent in systems and because the erosion is
much more prominent than in straight sections of pipe due to the sud-
den change of flowdirection. In addition, several different physical phe-
nomena occur in such geometries, and this makes the process quite
complex and interesting.
Liu et al. [2] investigated the flow of sand particles in a slurry using
both experimental and numerical techniques. Their first observation
was that the erosion rate was greater for higher velocities, but they
also reported that changing the velocity resulted in moving the eroded
region to other points in the pipe. This interesting observation could beska).explained by the formation of secondary flows in the system, and this
observation is also relevant for our research.
Various mathematical models of erosion have been developed
including those of Neilson and Gilchrist [3], Grant and Tabakoff
[4], Oka et al. [5], DNV-model [6], Zhang et al. [7] or Mansouri [8],
and there have been attempts in the literature to compare these
models. One example is the work by Parsi et al. [9] who considered
a flow where the continuous phase consisted of both a liquid and a
gas phase. The issue was also studied by Song et al. [10] who focused
on the particle trajectories in the system. Zamani et al. [11] showed
the importance of including particle rotation in mathematical
models, an issue often neglected bymany researchers. Banakermani
et al. [12] considered elbows where the angle varied between 15°
and 90°, which led to interesting observations regarding erosion
distribution. The paper by Zhou [13] focused on the influence of par-
ticle shape, that is, they also considered non-spherical particles in
their modelling, and a similar approach was taken by Zeng et al.
[14] in their theoretical research.
In addition, there have been works where focus was on other appli-
cations, for instance, erosion due to jet impingement [15–19], in a heat
exchanger [20], in cyclones [21,22], and in a rectangular aperture [23].
Finally, our previous work focused on high-speed velocities [24], even
though the exact process of erosion was not elucidated.
An interesting issue, which is the main focus of this paper, is the
flow of so-called nanofluids, i.e. fluids immersed with metallic
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properties and this makes them excellent candidates for many prac-
tical applications (e.g. fuel cells, microelectronics, and combustion
engines). Recently, nanofluids have gained much interest in the
field of solar energy [26,27].
Because nanofluids can potentially replace pure liquids in many ap-
plications, it is important to understand how nanofluids influence ero-
sion processes. This is a crucial problem to address in order to avoid
damage to the equipment due to the flow of the particles.
Asmentioned previously, many researchers have analysed the influ-
ence of particle size on the erosion processes, and the general expecta-
tion is that smaller particles lead to less erosion. Nevertheless, using
systems with particles of small diameter increases their number in the
system for a specified volume concentration, whichmight enhance ero-
sion. In addition, these small particles canmore easily penetrate into re-
gions that the larger particles cannot enter.
In most practical applications, flows contain particles of at least
micro-size. Nevertheless, nanofluids have gained significant interest in
recent years so that it should be investigated how flows laden with
nanoparticles erode the walls of pipelines.
The erosion wear due to nanofluids has been not widely studied in
the literature. However, one example is the work of Shamshirband
et al. [28], who investigated the process of particles of both micro- and
nano-size in fluids flowing through elbows. The main objective of
their paper was the development of a numerical scheme (an adaptive
neuro-fuzzy inference system), which makes their paper slightly less
relevant to our research. Also, as described below, they focused on a dif-
ferent range of flow velocities than we did.
Another example is the work of Safaei et al. [29], who studied flows
ladenwith both micro- and nanoparticles through elbows. Their results
confirmed the expectations that particles of greater diameter andmov-
ing with greater velocities in such systems will result in greater erosion
rates.
In addition, there have been works where the focus was on flows of
nanofluids and investigating the resulting erosion, but not necessarily in
elbows. Some examples are the paper by Asifa [30], who analysed flows
in radiator pipes, and the paper by Molina et al. [31], where the focus
was on surfaces subjected to jets of nanofluids.
The present is solely theoretical and takes two approaches to the
issue of erosion due to nanofluids. The first is an analysis of the erosion
processwhere nano-size particles are present in the system. As inmany
previous papers, the focus is on flow through an elbow, and our objec-
tive is to predict the outcome by considering the main process
parameters.
The second approach focuses on numerical experiments where the
particles present in the fluid flow erode the pipe walls. We consider a
wide range of particle sizes starting from particles of micrometre-size
to particles of nano-metre size (i.e. nanofluids in the latter case). Our
main finding is that there is a sudden increase in pipe erosion as the par-
ticle size decreases, but then there is a decrease in erosion when they
reach nanoparticle size.2. Approximate analysis
The first issue addressed by many researchers was the effect of par-
ticle diameter on the erosion rate [16,19,32]. Generally, it is known that
small particles erode pipelines less than large particles because they
have a lower mass. As a result, their kinetic energy is also less such
that pipe wall erosion might be expected to be negligible for very
small particles. However, smaller particles are also associated with
higher number concentrations of particles. In other words, for a given
volume fraction of particles in a fluid, the number of collisions with
the surfaces will increase as the particle diameter decreases. Assuming
the particles to be spherical, we can relate numbers of particles in a
unit volume:N1 ¼ N2  D2=D1ð Þ3; ð1Þ
where N1 and D1 are, respectively, the number of particles and their di-
ameter when the particles are “small” (e.g. nanoparticles). Similarly, N2
andD2 describe “large” particles (e.g. particles of micrometre-size). This
means that when moving from micrometre-size particles to
nanometre-size particles (2–3 orders of magnitude difference), the
number of particles increases by 6–9 orders of magnitude.
Further, we assume that the erosion rate of a single collision be-
tween a particle and the wall depends on the particle size according to
Dm, where m is a coefficient being 0.3–2.0 [1,32]. Thus, for N particles
in the system the erosion rate ER becomes:
ER∝N  Dm: ð2Þ
Alternatively, when comparing the erosion rates between nanopar-
ticles and microparticles:
ER1=ER2 ¼ N1=N2 D1=D2ð Þm: ð3Þ
Assuming N1/N2 to be on the order of 106 and D1/D2 to be on the
order of 10−2 (see the discussion under Eq. (1)) and m being equal to
1.0, the erosion rate should increase 104 times according to Eq. (3).
This indicates that erosion can be quite significant for very small parti-
cles, i.e. nanoparticles.
It must be noted, however, that smaller particles usually track the
fluid flow due to their low inertia when comparedwith larger particles.
This means then when flowing through, for instance, elbows, the larger
particles will bemore likely to collide with thewalls than nanoparticles.
Therefore, the true particle-wall collision rate should be lower for
nanofluids. In other words, an increase in the erosion rate by a factor
of 104 cannot be realistically expected in many types of flows and
geometries.
We can state that the collision rate depends on the Stokes number,
which is defined as the ratio of the particle momentum response time
(τv) and some characteristic time of flow (τF). Themomentum response
time (see, for example, [33]) is defined as τv = ρdD2/(18μ), where ρd is
the particle material density and μ is the fluid viscosity. The characteris-
tic time of flow can be estimated as the average flow velocity divided by
the pipe radius. Alternatively, as shown later in the paper, it can also be
estimated as the ratio of the flow velocity in a vortex or coherent struc-
ture and the radius of the vortex if the particles flow through the vortex.
This shows that the Stokes number is ∝D2 and we can state that for
high values of the Stokes number, the particles do not follow the flow
easily and thus readily collide with the elbow surface, i.e. the number
of collisions is high. Similarly, for very low values of the Stokes num-
ber, the number of collisions is reduced because the particles follow
the flow of the fluid. Therefore, it can also be assumed that the colli-
sion rate is ∝D2.
If we compare small and larger particles, where D1/D2 is of the order
10−2, i.e. as in the analysis above, we find that the collision rate is less
than 104 for the smallest particles. It is important to note that a similar
factor was obtained above, but it worked in the opposite direction.
Thus, there are two contradictory phenomena that respectively increase
and decrease the erosion rate and thefinal total erosion rate depends on
the studied problem and on the model used.
The process of erosion depends significantly on the flow velocity
prior to the collision. The dependence is ∝Un for a single-particle wall
collision. For small particles, U corresponds to the fluid velocity because
these particles follow the fluidflow, asmentioned previously.When the
flow changes direction and the particles are larger, however, there is a
difference between the particle velocity and fluid velocity that might
be impossible to determine by using purely theoretical analysis.
When increasingflowvelocity in a piece of geometrywhere the flow
direction changes (e.g. elbows), the Stokes number will also increase
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more difficult for particles to follow the flow and as a result, more colli-
sions with the walls will occur. In the end, the erosion rate will also be
higher.
Our results suggest that there are two phenomena that promote the
erosion at higher velocities - (i) the inherent increase in the erosion rate
when single particles collide with high velocity, and (ii) the increase in
the collision rate.
An interesting issue is the influence of the collision mechanism on
the erosion process, namely the coefficient of restitution. For particle-
wall collisions, the coefficient of restitution is defined as the ratio of
the post-collision and pre-collision velocities. This means that for an
ideal elastic collision, this coefficient is 1.0, but in practice, the value
less due to the loss of kinetic energy. This loss is caused by viscoelastic
effects within the particle material, plastic deformation, etc.
If we now compare the two cases of high value of the coefficient of
restitution and a low value,we can deduce that in the second case a par-
ticlewill losemore of its kinetic energywhen it collideswith awall. As a
result, its next collisionwith, for example, the oppositewall will bewith
a lower velocity. Therefore, we could expect that the total erosion wear
will be lower.
This is not necessarily the case when the particle diameter is small.
After such a particle bounces off the wall, it will be quickly taken up
by the main fluid flow and accelerated again. As a result, it will regain
its kinetic energy and the next collision will not be any weaker than
the previous collision. This will be the case for smaller particles, or gen-
erally the case for when the Stokes number is low. An important aspect
is also the distance to the opposite wall or to another surface that the
particle will travel to after the first impact.
In addition, an important issue when dealing with nanofluids is the
possibility that the Knudsen number, defined as the ratio of the mean
free path of the liquid molecules and the particle diameter, might ex-
ceed 0.001 [33]. This might influence the continuum assumption of
the liquid, i.e. the so-called slip flow occurs. This indicates that for
water molecules, for which the mean free path is equal to 2–3 Ang-
stroms, the slip flow might begin to occur at particle diameters of
200–300 nm. In practice, however, the effects can probably be assumed
to play a role for rather smaller diameters, perhaps an order of magni-
tude smaller. Therefore, we decided to disregard this issue in our re-
search where only the smallest particles entered this region.
Finally, an interesting and complex phenomenon is the forma-
tion of agglomerates, which occurs especially if the particles are
smaller. In the case of nanoparticles, they can form structures that
are perhaps one or two orders of magnitude larger depending on
the specific properties of the particle and the fluid. The agglomer-
ates might lead to significantly different results because the more
intense collisions with the walls, which would lead to increased
erosion, are cancelled out by the decreased collision rate due to
the smaller number of particles. It should be noted that this resem-
bles the analysis performed above, see Eqs. (1–3).
Similarly, adhesion to the walls that form particle deposits will re-
duce the number of particles in the system. Thus, the erosion rate will
decrease farther from the regions where the deposits are formed.
Whether this problem occurs or not depends on the studied problem
and the potential ability for the particles to adhere to the wall surface.
3. Mathematical model of the fluid flow
The second tool used in our research was the computational fluid
dynamics technique as carried out with the commercial software Star-
CCM+. In the mathematical model used in this study, we assumed
that the fluidflow (denoted as c)was described by the equations of con-
tinuity and momentum as (see e.g. [33]):
∂ϕcρc
∂t
þ ∇  ϕcρcuð Þ ¼ 0 ð4Þ∂ϕcρcu
∂t
þ ∇  ϕcρcuuð Þ ¼ −ϕc∇pþ ∇  ϕc τ þ τt
  
− f Σ; ð5Þ
where ρc is the density, u is the velocity, p is the pressure, and τ and τt
are themolecular and shear stress tensors, respectively.ϕc is the volume
fraction that in the current paper was almost 1.0 due to the low particle
concentrations. Nevertheless, it was included in the model.
In themodel above, the interphase forces (e.g. the drag force) are de-
scribed by fΣ. There has been discussion in the literature, see e.g.
[34–36], as to whether the erosion rate for flows in elbows is influenced
by these forces. The effects of two-way coupling and one-way coupling
have been compared, and the difference has been found to be minimal.
Still, we considered the full two-way coupling in our research.
The fluid flowwas turbulent, and it wasmodelled by the standard k-
ϵmodel. The liquidwaswater. For the boundary conditions, we selected
the non-slip assumptions when modelling the flow close to solid walls.
The particles were modelled using the Lagrangian approach, which
means that the particle motion was tracked in the computational do-





where i refers to the i-th particle,md is the particlemass and v is the par-
ticle velocity. In the model above, ΣF describes the forces acting on the
particles. Two forces were considered in the model: the drag force
(modelled using the Schiller-Naumann model) and the Saffman lift
force. The models can be found in the literature, see for example, [33].
When modelling flows with very small particles, the effects of
Brownian motion cannot be excluded. Also, in our recent publication
[27], we considered the effect. This paper, however, focuses on rather
larger particles. As shown later, the most interesting results were ob-
tained for particles of micro-size, where the Brownian force does not
play amajor role. On the other hand, nanoparticles may still form larger
agglomerateswhenflowing, that is, Brownianmotionmay indirectly in-
fluence the course of the process. Still, the present paper does not focus
on agglomerate formation. Therefore, we did not include Brownianmo-
tion in our research.
In addition, we assumed that the particle concentration was rather
low. This allowed us to neglect particleparticle collisions, which saved
computational time. Of course, the presence of frequent collisions
might also affect the erosion process in the flow. After collisions with
the wall, some particles might collide with other particles and be
pushed back towards the flow and thus increase erosion. On the other
hand, an opposing phenomenon can also occur in which particles trav-
elling towards a wall might be slowed or stopped by other particles al-
ready in close proximity to the wall. In other words, a shielding effect
might take place such that the total erosion rate might be lower.
Particlewall interactions were considered by using a standard re-
bound model with two coefficients of restitution one along the normal
and one along the tangential to the plane of collisions. For simplicity,
both were assumed to be equal to 0.99 in most of our simulations.
Also, the influence of these coefficients on the erosion process is de-
scribed later in the paper.
Theparticle erosionwith thewall of thepipewasmodelled using the







where Af is the area of the wall surface subjected to collisions, _md is the
mass flow rate of particles colliding with the surface and ER is the ero-
sion ratio. This means that the model computes the erosion rate: the
mass of wall eroded per unit area and per unit time.
Fig. 1. (a) The geometry studied in this research; (b) The butterfly-type mesh used in the simulations.
Table 1
Input data used in the simulations.
Parameters Value
Fluid velocity 0.5, 1.0. 1.5 or 3.0 m/s
Particle diameter from 10−8 m (i.e. 10 nm) to 10−3 m
Coefficients of restitution 0.99 (most simulations), 0.80, 0.60
Particle volume flow rate 10−4 m3/s
Particle material density 2650 kg/m3
Fluid density 998 kg/m3
Fluid viscosity 8.887⋅10−4 Pa⋅s
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where n1, n2, K, k2, and k3 are constant parameters, Hv is the material
hardness (units are GPa in the model), vrel is the relative velocity of
the particle with respect to the wall and is calculated along the normal
to the collision plane, vref and Dref are reference values (for velocity
and diameter, respectively). In the end, α is the collision angle (mea-
sured from the normal to the impact plane).
In this research, we decided not to consider the influence of the em-
pirical constants on the erosion processes, because this issue has already
been widely studied in literature. Therefore we used parameters as in-
spired by the work of Oka et al., where n1 = 0.74, n2 = 1.823, Hv =
1.34 GPa, K = 2.14⋅10−4, vref = 104 m/s, k2 = 2.33, Dref = 3.26⋅10−4 m
and k3 = 0.19.
The erosion model was developed for particles of micro-size, while
the present paper focuses also on particles of lower size. Nevertheless,
it is challenging to find appropriate mathematical models in literature
and therefore we adopted the existing model. On the other hand, we
do not expect that this would significantly influence the conclusion of
our research.
In this paper, we studied a geometry shown in Fig. 1a. In other
words, the geometry resembles a typical piece of a pipeline with an
elbow, studied bymany other researchers. The pipe diameter d and cur-
vature r were both 0.0508 m (i.e. 2 in.), and lengths l1 and l2 were
0.3048 m and 0.1524 m, respectively. The choice of the geometry and
the input parameters was arbitrary but it should not influence the
final observations and conclusions. The fluid laden with particles was
injected from the inlet as seen in the figure.
The particle volume flow rate was in all cases as shown in Table 1.
Hence, the flow was dilute so that an increase in the particle volume
concentration should simply increase the total erosion rate due to the
greater number of particles. Therefore, it was not necessary to study
the effect of this parameter on the final results.
We assumed that the particles weremade of silica. Because the fluid
was water, this system mimicked a typical multiphase system used in
many applications. We used different values of particle diameter, as
shown in Table 1. Thus, the objective was to study both nanofluids
and fluids with larger particles.
We considered four values for the inlet velocity, see Table 1. This
rangewas sufficient to emphasise interesting observations, as described
below. The corresponding Reynolds numbers were: 28524, 57,048,
85,572 and 114,096.The simulation procedure was as follows: at first, the fluid with
no particles was injected into the system with a specified velocity.
The simulation was run until the flow became steady, that is, we
could neglect any start-up effects. To assess this process, we moni-
tored fluid velocity in a few selected points, as well as we observed
visually the velocity profile in the main cross-section of the system.
We chose 1.4 s as the point in time when the simulation terminated,
but in practice, a steady flow was achieved much earlier. After-
wards, the particles were injected and the simulations were run
until the flow became steady again. For this, we monitored the
total erosion rate in the whole system: the steady case was stated
to occur when we observed no change in the erosion rate for a lon-
ger period. We stopped the simulations after 4.7 s, and all of the re-
sults presented below correspond to this point in time.
The simulationswere carried out using the SIMPLE technique with a




For modelling of the flow, we selected the so-called butterfly mesh
available in Star-CCM+. An example of this mesh is shown in Fig. 1b.
It must be noted that a similar mesh was also used in [9,11,12], where
the focus was on similar issues as in our work.
In our work, we tested the following number of mesh cells: 75000,
225,000 and 421,200 cells, and the final selection was made based on
observation of the dimensionless value y+ in the first layer of cells clos-
est to the wall. The resulting distributions of y+ on the pipe surface are
shown in Fig. 2.
The y+ value should be between 5 and 30 to ensure that the turbu-
lence model is appropriate. According to these criteria, the last case led
to satisfactory results even though we observed some high values of y
+ in some regions of the elbow. In addition, we tested the influence
Fig. 2.Distribution of y+ at thewall after theflowbecame steady using 225,000mesh cells (a) and using 421,200 cells (b). Results are similar, but the finermesh results in lower values of
y+, which is preferable.
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particle size of 1.0mm) and the results are compared in Table 2. Accord-
ing to the table, the results were similar and the case with 421,200 cells
was selected for further analysis.Table 2
The total erosion rate vs. the number of mesh cells. All of the grids lead to similar results.
Number of cells 75,000 225,000 421,200
Total erosion rate [g/h] 1.039⋅10−3 1.025⋅10−3 1.071⋅10−34.2. Software validation
The software and the models were further validated against experi-
ments performed by Mazumder et al. [39]. They showed experimental
results of a case where the pipe had inner diameter 25.4 mm, and the
fluid was air and its velocity was 34.1 m/s at the inlet. There was
injected 1.0 kg sand (modelled as silica in our paper) during 60 s,
which corresponds to the volumetric flow rate 10−7 m3/s. The particlediameter was 182 μm (see also [34]), and the coefficients of restitution
were assumed to be 0.99. The erosion wearwasmeasured on the extra-
dos of the elbow in different locations described by an angle varying be-
tween 0 and 90 degrees.
Fig. 3 shows the comparison between our simulation results (the
solid line) and the experiments (crosses), where the experimental re-
sults consist of three measurements. We show the dimensionless
Fig. 3.Validation of the software: thedimensionless erosion rate for different locations in the elbow. The solid line corresponds to the simulation results, and the crosses are experiments by
Mazumder et al. [39].
Fig. 4.The total erosion ratemeasured in the elbowafter 1.4 s of theprocess (a steadyflowwasobtained) for three particle diameters. The focus is on the largest particles (the diameterwas
at least 150 μm.)
Fig. 5. The total erosion rate measured in the elbow after 1.4 s of the process (a steady flow was obtained) for various particle diameters. The focus is on the smallest particles with a
diameter below 100 μm.
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Fig. 6. Distribution of the erosion rate on the pipe surface for three particle diameters: (a) 1.0⋅10−5m, (b) 5.0⋅10−5m, and (c) 3.0⋅10−4m. Fluid velocity was 1.0 m/s.
490 A. Kosinska et al. / Powder Technology 364 (2020) 484–493erosion rate that is the erosion rate obtained for a specific location with
respect to the maximum erosion rate, which occurred for 55 degrees. It
must be noted that Mazumder et al. showed the erosion wear in units
of millimetres of removed pipe material that is directly proportional to
the erosion rate used in this paper.
It is interesting to note that the correspondence is quite satisfactory,
i.e. the mathematical model and the software could be used in the the-
oretical analysis shown in the following.
4.3. Influence of particle diameter and fluid velocity
The main objective of the present research was investigation to
determine the influence of particle size on the erosion process. At
first, we focused on particles of micro-size, that is, we repeated
the work done by many other researchers. The results are shownin Fig. 4 where we compare not only the particle diameter, but
also the initial injection velocity of the fluid laden with the parti-
cles. The total erosion rate increased with particle diameter and
velocity, as expected. In other words, higher kinetic energy of
the particles promoted erosion.
Next, Fig. 5 shows the influence of particle diameter and injection ve-
locity for the case in which the particle size was smaller than what was
previously studied, that is, the largest particles were around 100 μm. in
diameter. In contrast towhatwe observed for the larger particles, we ob-
served a decrease in the total erosion rate at some critical particle diam-
eter (around 1.0⋅10−5m). As the particle size decreased from this point,
the total erosion rate increased until a second critical point was reached
at which the erosion rate again decreased with decreasing particle size.
In order to describe this phenomenon, we analysed the data in Fig. 6
showing the distribution of the erosion rate on the surface of the pipe,
491A. Kosinska et al. / Powder Technology 364 (2020) 484–493where three cases are depicted. We used different scales in the snap-
shots, because there are significant differences in the results. This was
done to better elucidate the details of the process.
At, first we focus on the case where the particle diameter was
1.0⋅10−5m (see Fig. 6a), i.e. this case corresponded to the local increase
in the total erosion rate as seen in Fig. 5. It is clear from the figure that
the pipe as a whole was not significantly subjected to erosive processes
because the erosion primarily occurred in a concentrated region in the
elbow.
Fig. 6b shows the case where the particle diameter was 5.0⋅10−5m.
This corresponded to the local minimum in the total erosion rate ob-
served in Fig. 5. When comparing Fig. 6a and b, we see that the images
of the erosion distributions are similar. Nevertheless, the maximum
rates (see the legends) are larger for the first case. This indicates that
the smaller particles were being pulled towards the pipewall, which re-
sulted in greater erosion.
Fig. 6c shows the erosion distribution when the particle diameter
was 3.0⋅10−4m. This was the case where the total erosion rate (from
Fig. 5) was almost the same as when the particle size was 1.0⋅10−5m.
It is interesting to note that the erosion distributions on the pipe surface
differed significantly. For both cases, we observed a spot where erosion
was high, but for the case where the diameter was 3.0⋅10−4m, the ero-
sion was widely distributed on the pipe surface.
When comparing the influence of the flow velocity in the pipe, we
found that the formation of the local maximum occurred for lower ve-
locities (less than 2.0 m/s). This can also explain why this issue has
not been widely studied by many researchers; they usually perform
their experiments at higher velocities. The ratio between the maxi-
mum and the minimum of the erosion rate was around 2.8 for a ve-
locity of 0.5 m/s, 2.0 for a velocity of 1.0 m/s, and 1.2 for a velocity
of 1.5 m/s, which indicates that the phenomenon of the erosion rate
increase for some critical diameter was greatest for the lowest
velocities.
In addition, we detected a shift in the local minimum, and for lower
velocities the minimum was seen for larger diameters. There was al-
most a linear relationship here if we compared particle diameter and
the local minimum of the velocity, and this showed that the minimum
does not really depend on the Stokes number.
The reason for this phenomenon can be explained by analysing the
fluid flow in a cross-section of the elbow. The fluid flow field in this re-
gion is shown in Fig. 7.We observe a structure of secondary flows (Dean
vortices) that are responsible for centrifugingparticles towards thewall,
whichmay enhance erosion there. Similar observationswere alsomade
by other researchers. An example is a paper by Zeng et al. [14]. WhatFig. 7.Vortices created in thefluid in a cross-section of the elbow. Points A, B, C aremonitor
points in which the fluid velocity was evaluated for further analysis.differs their work from ours is that they did not consider the influence
of particle size.
This phenomenon can be explained by analysing the fluid flow in a
cross-section of the elbow, as shown in Fig. 7. Here, we observed a struc-
ture of secondary flows (Dean vortices) that was responsible for
centrifuging particles towards the wall, which might enhance the ero-
sion there. Zeng et al. [14] made similar observations, but unlike our
work they did not consider the influence of particle size.
Peng et al. [38] also noticed an increase in the total erosion ratewhen
the particle diameter was decreased. Nevertheless, they did not study
particles of nano-metre size and therefore they did not report the exis-
tence of the local maximum as we observed in our research.
Gao et al. [20] investigated the impact of particle diameter and also
found an increase in the erosion rate for smaller diameters. Their
work, however, focused on rather different geometries, namely flows
through heat exchangers. Therefore, it is interesting to note that the cre-
ation of secondary flows in various applications can influence the final
outcome of the process.
This phenomenon occurred to a lesser degree for large particles that
movedwith themain flow andwould not be captured by these second-
ary vortices. In Fig. 7 we show three points in the vortex area (A, B and
C), in which we evaluated the magnitude of the fluid velocities. The re-
sults were around 0.7 m/s, 0.3 m/s, and 0.2 m/s. Also, the distance from
these points to the centre of the vortex was estimated to be around
7 mm. These numbers made it possible to estimate some characteristic
flow times. The results were 0.010 s, 0.023 s and 0.035 s. Similarly, we
could calculate some characteristic time of the whole fluid flow by di-
viding the average velocity at the pipe inlet (1.0 m/s) by the pipe diam-
eter giving a value of 0.0508 m/s.
The momentum response time of the particles used in the system
was computed to be 1.65⋅10−5s for particles with a diameter of
10−5m, which was much less than any of the vortex characteristic
times listed in the previous paragraph. This means that particles of
this size will easily follow the flow in the vortices, that is, they will be
centrifuged towards the wall of the pipe. In fact, the same thing will
occur for even smaller particles but due to their small size they will
not be able to erode thewall significantly. Thus, we obtained some crit-
ical value of particle diameter, which here was 10−5m.
It is also interesting to note that larger particles, e.g. 3.0⋅10−4m in di-
ameter, had amomentum response time equal to 0.015 s. Thiswas com-
parable with the vortex characteristic time, which indicated that these
particles (and especially larger ones) were less subject to motion in
the lateral direction that moves the particles towards the pipe wall.
When increasing the fluid velocity, the characteristic flow will de-
crease, while themomentum response time of the particles will remain
constant. As a result, only smaller particles will follow the flow in the
vortices. Therefore, the effect of the secondary flows on erosion may
be rather observed for lower velocities in practice.
As mentioned previously, Shamshirband et al. [28] also studied
flows laden with nano- and micro-particles through elbows. They fo-
cused on higher velocities in the system that resulted in higher Stokes
numbers. Indeed, they observed the greatest erosion along the elbows
extrados, and this might be why they did not report the local increase
in the total erosion rate for particles with smaller diameters. For the
larger particles, however, the tendency was similar to what we ob-
served in our research, and similar conclusions were drawn in [29].
The existence of the secondary flows in elbows was also mentioned
by Liu et al. [2]. They reported that the secondary flows shift the erosion
wear to other locations in the pipe and this will influence the total ero-
sion rate in the pipe, as observed by us.4.4. Influence of coefficient of restitution
The influence of the coefficient of restitution on the erosion rate has
not been widely studied. Most researchers use empirical relations that
Fig. 8. The total erosion rate measured in the elbow after 1.4 s of the process (a steady flow was obtained) for various diameters and for different values of the coefficient of restitution.
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this is that the results can be compared to experimental results.
In our research, however, we decided to use constant values of the
coefficient so that we could investigate the influence of the different
variables involved in collision events on the final erosion process in
the pipe. For this, we tried three different values of the coefficient of res-
titution - 0.99, 0.80 and 0.60 - where the results for the first case are
shown in the previous sections. As mentioned above, we used the
same values of the coefficient along both the normal and tangential di-
rections in order to simplify themodel. Thus the final results are not ob-
scured by multiple phenomena all occurring simultaneously.
It must be noted that the coefficients of restitution along the nor-
mal and tangential are not equal and not even constant in industrial
applications. Not only depend they on particle material, but also on
the impact velocity. In this paper, however, we decided to keep
them constant and equal. As a results, we could mimick the loss of
kinetic energy due to impact in a simple way and investigate its in-
fluence on the erosion process.
The results of the total erosion rate are shown in Fig. 8. The first ob-
servation is that a lower coefficient of restitution promoted the erosion.
This confirms the statement discussed in the theoretical analysis in
Section 2 that the probability that a subsequent encounter with the
wall will occur increases because the particles are still close to the
wall. In fact, this statement is further supported when comparing
the total erosion rates for the largest particles. Here, the values of the
total erosion rate differed less than for the smallest particles. For in-
stance, for the case when the particle diameter was around 5⋅10−5m,
the ratio of the total erosion rate for the restitution coefficient 0.99 and
0.8 was around 0.8. For the case when the particle diameter increased
to 3 ⋅ 10−4m (the last point in the graph), the ratio increased to 0.87.
Also, when the diameter was 1 ⋅ 10−3m (not shown in the graph), the
ratio became almost 1.0, i.e. we no longer observed any significant influ-
ence of the coefficient of restitution. This shows that large particles had
enough inertia to leave the zone close to a solid surface after impact.5. Concluding remarks
The focus of this paperwas on assessing erosion rates for flows laden
with nanoparticles. According to our results, the erosion rate for the
smallest particles (e.g. of diameters less than 10−6m) decreases with
particle size, and this might indicate that the erosion risk is not signifi-
cant. Nevertheless, this might not be the case in real-life applications.
As mentioned previously, nano-size particles can easily formagglomerates whose size enters the micrometre range. Therefore, it is
possible to reach the local maximum of the erosion rate.
Even though our model does not allow for the formation of agglom-
erates, it can still be stated that our simulations cover also flows of al-
ready formed agglomerates. These agglomerates are mimicked by the
larger particles (i.e. of micro-size) that we also studied.
In addition,wenote that for particle diameters around the “critical”di-
ameter, the erosion occurs in certain concentrated areas. It must be noted
that the concentration of erosion might also occur for other geometries,
for instance, valves, pumps, etc. Thismeans thatflowswith small particles
might result in local damage to systems even though the small size of the
particles might suggest that the flow as a whole is safe.
For validation of the software, we used experimental results from lit-
erature that do not cover all our computer simulations. The reason is
that the issue of erosion due to very small particles is still unexplored.
Nevertheless, the mathematical model as a whole consists of a series
of well-established models. Also, some of our conclusions correspond
well to what has been observed by other researchers. Therefore, we
can state that our computer simulations are qualitatively correct. It
must be noted, however, that there is a need to perform experiments
that match our simulations.Declaration of Competing Interest
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